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Abstract

This paper takes the mathematical software Maplén@suxiliary tool to study the differential prebh of twotypes o
functions. We can obtain thEourier series expansionsg any order derivatives of these functions by g
differentiation term by term theorem and Leibniffefiential rule and hence greatly reduce the difficulty of cadtimic
their higher order derivative values. In additiove provide twofunctions to evaluate their any order derivativasg
calculate some higer order derivative values practically. The reskanethods adopted in this study involved fini
solutions through manual calculations and verifytingse solutions by using Maple. This type of refeanethod not on
allows the discovery of calculati errors, but also helps modify the original dil@ts of thinking from manual and Ma
calculations. For this reason, Maple provides imsigind guidance regarding problem-solving methods.

Keywords: derivatives; Fourier series expansions; diffeaidn term by term theorenbeibniz differentia
rule; Maple

1. Introduction

The computer algebra system (CAS) has been widapl@/ed in mathematical and scientific studies. The
rapid computations and the visually appealing gicghinterface of the program render creative redea
possible. Maple possesses significance among matieah calculation systems and can be considered a
leading tool in the CAS field. The superiority ofalle lies in its simple instructions and ease @&, wghich
enable beginners to learn the operating technigquesshort period. In addition, through the numariand
symbolic computations performed by Maple, the lagfithinking can be converted into a series ofrinsfons.
The computation results of Maple can be used toifjnadir previous thinking directions, thereby fongi
direct and constructive feedback that can aid iproving understanding of problems and cultivatiagearch
interests. Inquiring through an online support eystprovided by Maple or browsing the Maple website
(www.maplesoft.com) can facilitate further undenstiag of Maple and might provide unexpected insEgAts
for the instructions and operations of Maple, we afer to [1]-[7].

In calculus courses, finding the-th order derivative valué(”)(c) of a functionf (x) at x =c, in general,
needs to go through two procedures: firstly evahgathe n -th order derivativef(“)(x) of f(x), and

secondly takingx =c into f(”)(x) . These two procedures will make us face with @asingly complex
calculations when calculating higher order deratralues of a function (i.e1 is large), Therefore, to obtain
the answers by manual calculations is not easyhik paper, we study the differential problems loé¢ t
following two types of functions

f(x) =e®In[b+ccospix + B)] )

g(x) =e®In[b+csin(Ax + £)] 2
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where a,b,c,A, B are real numbers} 0, b>|c|. We can obtain the Fourier series expansions ypfoader

derivatives of these two types of functions by gsulifferentiation term by term theorem and Leibniz
differential rule, and hence greatly reduce thdialifty of evaluating their higher order derivats/@alues ;
these are the major results of this paper (i.eeoféms 1, 2). As for the study of related diffei@nroblems
can refer to [8]-[21]. In addition, we propose texamples to do calculation practically. The redeanethods
adopted in this study involved finding solutionsatigh manual calculations and verifying these sahst by
using Maple. This type of research method not atligws the discovery of calculation errors, buatelps
modify the original directions of thinking from maal and Maple calculations. For this reason, Maple
provides insights and guidance regarding problelvirsgp methods.

2. Main Results

Firstly, we introduce a notation and two formulagdi in this study.
Notation.

Let z=a+ib be a complex number, where= v/—1, a,bare real numbers. We denaethe real part of
2 by Re(z), andb the imaginary part ok by Im(z) .

Formulas.

0] Z%(—x)k =-In(1+ x) ,where-1< x<1.
k=1

(ii) geometric series.1 1 > (—1)" zX  wherez isa complex numbe1|,2| <1.
+z -
k=0

Next, we introduce two important theorems usedhis paper.

Differentiation term by term theorem ([22]).

If, for all non-negative integek, the functionsgy :(a,b) -» R satisfy the following three conditions(i)

there exists a poinky [(a,b) such that)" gy (xo) is convergent, (ii) all functiong)(x) are differentiable on
k=0

open intervala,b) , (iii) zdigk(x) is uniformly convergent or(a,b) . Then ng(x) is uniformly
k=0 9X k=0

convergent and differentiable ¢enb) . Moreover, its derivative(;j— ng(x) = Z digk(x) .
X k=0 k=0 OX

Leibniz differential rule ([23]). Let n be a positive integer. If (x), g(x) are functions such that thein -th
derivativesf (m)(x), g(m)(x) exist for allm =1,...,n. Then then -th derivative of product functioh(x)g(x),
n

(fg)M(x) = > [;jf(”‘m)(xm(m)(x)

m=0

[n] n!
, Where =—.
m) mi(n-m)!

Before deriving our major results, we need a lemma.
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LemmaA. Let b,c,A, 8 be real numbers} #0, b>|c| .The Fourier series expansionlofb + ccos(Ax + 8)],

Jb+c++4b-c| & 1(_+b+tc-+b-c “
2 J 22?( w/b+c+\/b—cJ costloc+ /)

In[b+ccos(x+ B)] = 2In[
k=1

(©)

forall xOR.
Proof. Let p:%(\/b+c +vb-c), q:%(\/b+c -+/b-c) ,then the derivative ofin[b + ccos(Ix + B)] ,

iIn[b + ccos(Ax + B)]
dx

—cAsin(Ax + 3)
b + ccos(Ax + B)

—cAsin(Ax + )
p? + 2pqg cos(Ax + B) + q°

—cAsin(Ax + )

_ q°

2
(g+ cos(Ax + ,B)j +sin?(Ax + B)

cA

2(2 +cos(Ax + B) —isin(Ax + ,B)J

— q
=1Im
[S + coS(Ax + B) +isin(Ax + ,B)J(Z +cos(Ax + B) —isin(Ax + IB)J
= A gm| 2 (wherez = e (1X+8))
pq 1+ %

p

o k
=211 —q—zJ b FE‘ - ‘ﬂ
mLzzlo( ; } (becaus ol 7

<1, we can use geometric series)

o k
=2 Z(—EJ Sin(Akx + BK)
k=1\ P
Therefore,
© k
In[b+ ccos(ix + B)] = —22%(—%} cos(Akx + BK) + K )
k=1
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where K is a constant.

B

Taking x = ) into both sides of (5), we obtain

k
In(b+c) = -2 —[——j +K ) (6
kZ::lk p

It follows that
k
K =In(b+c)+ 22—(——J
k=akl P
=In(b+c) - 2In(1+ %j (by formula (i))

=2Inp @)

Hence,
In[b+ ccos(Ax + B)]

- K
=2l p-23 2[- 9| cosike + Bk)
k=Kl P

=1
22?

k=1

zzm(mwmj_ (mm
2

Vvb+c++b-c

The following is the first major result in this diyy we determine the Fourier series expansionspfoader
derivatives of function (1).

k
J cos(Akx + Bk) =

Theorem 1. Supposea,b,c,A, B are real numbers) # 0, b>|c|, n is any positive integer, and let the domain

of f(x)=e*In[b+ccos(ix+ [)] be (- ,») . The n -th order derivative off (x) ,

k
£ (M (x) = -2 Zn; " Jan-m mmikm‘l _ybtc-vb-c cos(/]kx+,6’k+mj
m=0\M k=1 vb+c++b-c 2

+ 2an |n(%]eax

8
forall xOR.
Pr oof. f (M (x)
_d"
= ——e®In[b+ccos(ix + B)]
dx"”
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=y (:]j(eax)(”‘m) (In[b + ccos(x + B)]) (™M (by Leibniz differential rule)

k
(M Ln-m x| _oym o m-1f _ Vb+c-+b-c { mrt
_z( ja % - 2/ DkZ::lk ( \/mh/_”b_c] cod Akx + [k + 2)

n_ax Jb+c++b-c| & 1( «b+c-4b-c “
+a e ZIn[f] 22?( m] COS(/”(X"‘ﬁk)

k=1
(by Lemma A and differentiation term by term theuje

k
n ) / A

= 26> Y [nja”‘m oMy km-y -¥brc-vb-c cos(/lkx+,8k+mj
m=0\M k=1 vb+c++/b-c 2

+ Zan |n($}ea}(

forall xOR u

In Theorem 1, if replacing3 by 8 - % , then we immediately obtain the Fourier seriesa@spns of any

order derivatives of function (2).

Theorem 2. If the assumptions are the same as Theorem lthandomain ofg(x) = e In[b + csin(Ax + B)]
iS (-0 ,00) . The n -th order derivative ofg(x) ,

nony - & m- vb+c-+b-c “ (m-k)mr
(n) — _9adX n-m m m-1{ _
g'"(x) =-2e mzzlo[mJa B kZ::1k [ NPT Ty —b—c] CO{/\kX+,8k+ > ]

. ©

+ 2an |n[MJeax

forall xOR.

3. Examples

Next, aimed at the differential problem of the ttypes of functions in this study, we provide twations
and use Theorems 1, 2 to determine the Fourieesseripansions of their any order derivatives araduate
some of their higher order derivative values pradly. In addition, we use Maple to calculate the
approximations of these higher order derivativeigaland their solutions for verifying our answers.
Example 1. Suppose the domain of the function

f(x) = e In{S— 4co{3x —%”H (10)

is (-0 ,0) .
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Then by Theorem 1, we obtain time-th order derivative off (x) ,
n n 9] k
P (x) =22 3 [ Mo mmm s kMY 1) cod g - KT M) onetynope2x (g
2 6 2
m=0 m k=1

forall xOR.

Therefore, we obtain the 12-th order derivativaugadf f (x) at x = % ,
o[ 7T L2 12\ 4, ® om0\ (2km  mm) | i3
fFAN 2 =28y | TR MM S kMY 2| cog T+ = | +2B 2" (12)
2 m=o\ M k=1 2 3 2
In the following, we use Maple to verify the coreess of (12).
>f.=x->exp(2*x)*In(5-4*cos(3*x-5*Pi/6));
f:=x—>e2xln[5 —4 cos[B x— % Tc]]

>evalf((D@ @12)(f)(Pil2),24);
5.914923419957997989107 - 10°

>evalf(-2*exp(Pi)*sum(12!//(m!*(12-m)!)*27(12-m)*3*rrsum(k"(m-1)*(1/2)"k*cos(2*k*Pi/3+m*Pi/2),k=1
..infinity),m=0..12)+2713*In(2)*exp(Pi),22);

5.914923419957997989129-10°
Example 2. Let the domain of the function

g(x)=e In{10+ 85in(4x +%’Tﬂ (13)
be (-0 ,0) .

By Theorem 2, we can evaluate theth order derivative ofg (x) ,

n %) k
gM(x) =-2e7* Y (nJ(—s)”‘m ™ ka‘l(—lJ co{4kx +k—”+Mj +2(-3)" [n(24/2) &
= m 2 6 2

k=1
(14)
forall xOR.
Therefore, we obtain the 9-th order derivativeueadf g(x) at x = — 5?”
(9 _ 57
(- %)
9 9 00 k
= _Ze5ﬂ/2 Z ( j(_s)g—m mm z km—l[_ lj co 5k_ﬂ+ M] + 2(_3)9 Dln(zﬁ) D:,‘S”/z (15)
m=0\M k=1 2 6 2
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Using Maple to verify the correctness of (15) dkofes:
>g:=x->exp(-3*x)*In(10+8*sin(4*x+2*Pi/3));

5
g:=x—>e_3xln[10 + 85in[4x+ ?Tc]]

>evalf((D@ @9)(g)(-5*Pil6),24);
1.07193719414228756252776 - 10

>evalf(-2*exp(5*Pi/2)*sum(91/(m!*(9-m))*(-3)N(9-m)4d m*sum(k*(m-1)*(-1/2) k*cos(5*k*Pi/6+m*Pi/2),
k=1..infinity),m=0..9)+2*(-3)"9*In(2*sqrt(2))*exp(8Pi/2),24);

1.07193719414228756252766-10* — 0.1

The above answer obtained by Maple appears=y<1), it is because Maple calculates by using special
functions built in. The imaginary part is zero,csm be ignored.

4, Conclusion

As mentioned, the differentiation term by term tiego and the Leibniz differential rule play sign#ia
roles in the theoretical inferences of this studyfact, the applications of these two theoremsextensive,
and can be used to easily solve many difficult fmots; we endeavor to conduct further studies oatedl
applications. On the other hand, Maple also playitad assistive role in problem-solving, we careewse
Maple to design some types of differential problearsd try to find the methods to solve them. Infitere,
we will extend the research topic to other calcudns engineering mathematics problems and solv&ethe
problems by using Maple. These results will be wseteaching materials for Maple on education asdarch
to enhance the connotations of calculus and engntemathematics.

References

[1] C. T.J. Dodson and E. A. Gonzal@&xperiments in Mathematics Using Maple, New York: Springer-
Verlag, 1995.

[2] M. L. Abell and J. P. Braseltoiaple by Example, 3rd ed., New York: Elsevier Academic Press, 2005.

[3] J.S. Robertsorkngineering Mathematics with Maple, New York: McGraw-Hill, 1996.

[4] F. GarvanThe Maple Book, London: Chapman & Hall/CRC, 2001.

[5] R.J. Stroeker and J. F. KaashoBiscovering Mathematics with Maple : An Interactive Exploration for
Mathematicians, Engineers and Econometricians, Basel: Birkhauser Verlag, 1999.

[6] D. Richards,Advanced Mathematical Methods with Maple, New York: Cambridge University Press,
2002.

[7] C.Tocciand S. G. Adam8pplied Maple for Engineers and Scientists, Boston: Artech House, 1996.

[8] C.-H. Yu, “Application of Maple on solving the déffential problem of rational functions&pplied
Mechanics and Materials, 2013, in press.

[9] C. -H. Yu, “ A study on the differential problemsing Maple,” International Journal of Computer
Science and Mobile Computing , vol. 2, issue. 7, pp. 7-12, July 2013.

[10] C. -H. Yu, “Application of Maple on solving someffaéirential problems,”Proceedings of IIE Asian
Conference 2013, National Taiwan University of Science and Teclgyl Taiwan, vol. 1, pp. 585-592,
July 2013.

[11] C.-H. Yu, “A study on some differential problemstlwiMaple,” Proceedings of 6th |EEE/International
Conference on Advanced Infocomm Technology, National United University, Taiwamo. 00291, July
2013.

[12] C. -H. Yu, * Evaluating the derivatives of trigonetric functions with Maple,International Journal of
Research in Computer Applications and Robotics, vol. 1, issue. 4, pp. 23-28, July 2013.

© 2013, IJCSMA All Rights Reserved, www.ijcsma.com 7



g

UCSMA
Chii-Huei Yu, International Journal of Computer Science and Mobile Applications,
Vol.1 Issue. 2, August- 2013, pg. 1-8 ISSN: 2321-8363

[13] C. -H. Yu, “ The differential problem of two type$ exponential functions, Journal of Nan Jeon, vol.
16, in press.

[14] C. -H. Yu, “Application of Maple: taking the diffential problem of rational functions as an exaniple,
Proceedings of 2012 Optoelectronics Communication Engineering Workshop, National Kaohsiung
University of Applied Sciences, Taiwan, pp. 271-2@4tober 2012.

[15] C. -H. Yu, “ A study on the differential problem séme trigonometric functions,Journal of Jen-Teh,
vol. 10, pp. 27-34.

[16] C. -H. Yu,” The differential problem of two typed functions,” International Journal of Computer
Science and Mobile Computing, vol. 2, issue. 7, pp. 137-145, July 2013.

[17] C. -H. Yu, “Application of Maple on the differentiproblem of hyperbolic functions,Proceedings of
International Conference on Safety & Security Management and Engineering Technology 2012, WuFeng
University, Taiwan, pp. 481-484, June 2012.

[18] C. -H. Yu, “ The differential problem of four type$ functions,”Journal of Kang-Ning, vol. 14, in press.

[19] C. -H. Yu,” Using Maple to evaluate the derivatives some functions,’International Journal of
Research in Computer Applications and Robotics, vol. 1, issue. 4, pp. 23-31, July 2013.

[20] C. -H. Yu, “A study on the differential problemliternational Journal of Research in Aeronautical and
Mechanical Engineering, vol. 1, issue. 3, pp. 52-57, July 2013.

[21] C. -H. Yu, “Application of Maple: taking the evakien of higher order derivative values of some tgpe
rational functions as an exampleProceedings of 2012 Digital Life Technology Seminar, National
Yunlin University of Science and Technology, Taiwpp.150-153, August 2012.

[22] T. M. Apostol,Mathematical Analysis, 2nd ed., Boston: Addison-Wesley, p230, 1975.

[23] R. Courant and F. Johimtroduction to Calculus and Analysis, New York: Springer-Verlag, vol. 1, p203,
1989.

© 2013, IJCSMA All Rights Reserved, www.ijcsma.com 8



