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Abstract 
The wheeled mobile robot with differential thrust consists of two independent active wheels and a passive 
spherical wheel. Assuming its net rolling and non-uncertainty, this robot is a nonlinear system bound to non-
holonomic constraints. This system also falls into the category of systems with a lack of operators. Tracing time 
travel paths is one of the most difficult issues in the field of wheeled robots that we will address in this article. In 
this regard, first the kinematic model of the system with the presence of uncertainty on the control inputs is 
expressed in which the linear velocity and angular velocity of the robot are considered system inputs. After 
determining the desired reference paths, using the linearization of the designed feedback controller ensures the 
stability of all system state variables globally. The controller is then designed with adaptive rules to solve the 
problem of tracking time paths based on input output control in the presence of uncertainties. The stability of this 
controller is also proven globally. 
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Finally, the performance of the designed controllers to compensate for the uncertainties will be compared by 
comparing the results. 
Keywords: Asymptotic stability; Feedback linearization; Mobile robots; Uncertainty; Nonholonomic systems; 
Tracking control 

1. Introduction
In recent years, mobile basic robots have found a special place in various industries and consequently have been 
considered by many researchers [1]. Depending on the environment in which they are used, these robots use 
movement tools appropriate to that environment, [2]. The wheel is the most widely used drive mechanism due to its 
simplicity, acceptable speed and high efficiency. Wheeled robots are a group of mobile robots that have a variety of 
applications in various industries, especially in hazardous environments such as space, war and the movement of 
sensitive cargo and contaminated waste. In the article, suitable and suitable for different types of kinematic and 
dynamic wheeled robots [3]. These robots will be bound to no holonomic constraints if they roll smoothly and in the 
absence of uncertainty [4]. The guidance of wheeled robots is divided into two issues: motion planning and control. 
Plans the movement of the robot's path so that it meets the operational objectives and the control moves the robot on 
the designed path. Wheeled robots are very non-linear and are classified in the group of systems with a lack of 
operators [5]. These robots also have a non-quadratic multi-input-multi-output system, which has made the problem 
of controlling these robots in full state mode a challenging problem. In controlling wheeled robots, three main issues 
are widely raised. Stabilization around optimal positions, trajectory in Cartesian space and trajectory of time travel 
paths, among which the pursuit of time trajectories has received more attention of researchers [6].   

Linearization of feedback a nonlinear system has many applications in controlling nonlinear systems and processes. 
This method has appeared in powerful and efficient control of nonlinear systems and has significant capabilities [7]. 
In this dissertation, first, this method is briefly introduced and its advantages and disadvantages are also discussed. 
Among the limitations of this method:  

• Proper performance in a specific part of nonlinear systems.
• Need to access all system mode variables.
• Low resistance against uncertainties.

The first limitation is that the use of this method requires the fulfillment of conditions such as existence of a certain 
relative degree and the minimum phase of the system [8]. The second and third limitations also indicate the need for 
this method to have an accurate model of the system in order to eliminate nonlinear parts and achieve a completely 
linear form [9]. In line with the third case, it should be noted that in the presence of uncertainties, this method leads 
to an inaccurate linearization and thus reduces the stability and efficiency of the system [10].  
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Linearization with feedback is a method of designing nonlinear controllers that has attracted much interest from 
researchers in recent years. However, in real applications as a result of the implementation of such control 
algorithms due to the limitations of this method and its computational needs are less seen. Among other things, in 
this algorithm, all the modes of the system must be available and usually the system is not guaranteed against 
uncertainty [11]. Therefore, a lot of research has been done to overcome the problem of uncertainty (parametric) by 
external ring design techniques and retrofit control designs [12].  

The method of linearization method with feedback is based on the idea of transferring nonlinear dynamics to a linear 
form using state-of-the-art feedback, which includes two modes of input-mode linearization (which leads to 
complete system linearization) and input-output linearization. (Which only leads to the linearization of part of the 
nonlinear system) [13]. As mentioned, the main problem of this method in the above two cases is the need to have a 
completely accurate model of the system to eliminate the effect of nonlinear parts completely [14], which is 
important despite the uncertainties in the system model.  

There are two types of uncertainty in control systems: 
• parametric uncertainty,
• modeling uncertainty (unmodulated dynamics and environmental factors affecting the system) [15, 16].

There are always differences between the identified model and the actual system. This discrepancy can be due to 
several reasons including:  

• Simplifying the dynamics of a very complex system.
• Lack of sufficient knowledge of physical laws.
• Complete ignorance of system dynamics parameters.
• Complexity of system identification algorithms (nonlinearity optimization).
• Approximation of nonlinear systems with a linear system.

In order to achieve the desired control goals, what we know (identified system model) must be more than what we 
do not know.  

Given the above, the purpose of robust control:  
"Design is a controller that achieves all design goals despite the uncertainties in the system". 

Robust control methods in eliminating the effect of perturbation, exposure to parameters with rapid changes and 
reducing the effect of parametric uncertainties and unmodulated system dynamics can well help the linearization 
method with feedback [17].  

Some of the control algorithms have been based on linearization. In order to linearize a nonlinear system, it is 
possible to find a linear approximation of the main process around a work point or common practice. For nonlinear 
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systems, it is a traditional linear modeling method that uses Taylor expansion of the system function and, regardless 
of the order of 2 or higher sentences, the system equations are converted to linear equations, and then the design of 
the controller is carried out using linear system theory [18]. But this method could create limitations, especially for 
nonlinear systems. Therefore, it is essential that effective control methods be performed for nonlinear systems. Since 
1980, many control methods have been presented for nonlinear systems, including linearization with feedback based 
on differential equations of the system that have a wide application in nonlinear systems [19].   

Linearization with feedback is also an effective way of designing a controller for a nonlinear system because a 
nonlinear system is transformed into a linear system using a homomorphic transform and state feedback [20]. But 
pure state feedbacks due to Brockett necessary condition cannot be used in order to control the nonholonomic 
system. Therefore the dynamic feedback linearization method has been used in order to control the WMRs as a 
nonholonomic system.  

According to the above, in the continuation of this article, in order to strengthen the linearization method with 
feedback against parametric uncertainties, using the method of estimating uncertainties using the estimation method 
that the desired values The kinematics of the system is obtained, causing a resistor to be added to the linear 
controller with feedback, so that the nonlinear system is able to follow the reference path optimally in the range of 
parameter changes from minimum to maximum values.  The advantages of such a combination are the reduction of 
the effect of parametric uncertainties, the tendency of the chase error to zero in the presence of uncertainties, the 
reduction of the interference effect and the increase of the system resistance to external disturbances compared to the 
conventional linear controller. Therefore, it can be claimed that by using this method, the existing problems in 
linearization with feedback, which were mentioned at the beginning, have been somehow solved.   

In this paper, the main purpose of designing a kinematic controller in the presence of uncertainties in the inputs of 
the tractor-trailer system is to follow the time path of reference paths. To achieve this, feedback linearization control 
methods have been used so that the kinematic controllers produce the required speeds and a dynamic controller 
using the left and right wheel torques, the required control speeds. Provides cinematic actors.  

In this paper, after the introduction of robotic kinematics, using the intrinsic capacity of the regression controller in 
controlling systems with operator deficiency, a linear feedback controller in Cartesian space has been designed that 
ensures the stability of all mode variables without limitation in the field of absorption. Slowly the controller is then 
designed for input-output. This controller guarantees the stability of the output and the constraint of all mode 
variables, as well as the design capacity for the controller resistant to finite uncertainties. A controller feedback is 
then proposed for this robot using linearization method. This controller also guarantees the stability of all mode 
variables, but is valid to the extent that the variables changed are uniquely reversible. The simulation results are then 
presented to evaluate the performance of the proposed controllers under ideal conditions as well as in the presence 
of perturbations. Finally, we summarize and conclude this research.  
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2. Methodology
2.1 System Description and Modeling
The considered wheeled robot as shown in Figure 1 is a tractor towing a trailer. The main discussion in the study of
these robots is the existence of no holonomic constraints in the kinematics of these systems. In Figure 2, a WMR
with a trailer is shown. The tractor is equipped with two driving wheels and a spherical wheel is used for stable
motion, while the trailer has two passive wheels. Tractor and trailer are connected to each other via a revolute joint
in point 𝑃𝑃 that is located in the middle of the driving wheels. Here, it is assumed that the mobile robot wheels have
non-uncertainty condition in the lateral direction and as a disk has a single point of contact with the surface of the
movement. A coordinate system (𝑋𝑋, 𝑌𝑌) is considered as the inertial frame. 𝑑𝑑 denotes the distance between point’s 𝑃𝑃0
and 𝑃𝑃1, and point’s 𝑃𝑃𝑃𝑃 and 𝑄𝑄𝑃𝑃 represent the tractor and trailer centroids, [21].

Figure 1. Trajectory Following for a WMR. 
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Figure 2. Tractor-Trailer Wheeled Robot. 

System constraints can be written in matrix form as follows 

( )0 0 0 1

0 0
0

1

sin cos 0 cos( )
( ) 0 1

sin cos 0 0

x

d y
A q q

θ θ θ θ
θ θ θ

θ

•

•
•

•

•

 
 
 

− − −  = =  −  
 
 
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where 𝑞𝑞= (𝑥𝑥, 𝑦𝑦, 𝜃𝜃0, 𝜃𝜃1) 𝑇𝑇 is system configuration vector. (𝑥𝑥, 𝑦𝑦) is the coordinate of point P1 in the inertial frame; 𝜃𝜃0 
and 𝜃𝜃1 represent the orientation of the tractor and trailer with respect to the inertial frame, respectively. Also, (𝑞𝑞) is 
system constraint matrix. 

Kinematic equations of the mobile robot can be written as 

( ) ( ) ( )2q t S q u
•

=
Where 𝑢𝑢=(𝑢𝑢1𝑢𝑢2) 𝑇𝑇 describes an independent set of variables which is here the system input vector. 𝑢𝑢1 is the linear 
velocity of point 𝑄𝑄 and 𝑢𝑢2 is angular velocity of the tractor.  
Also (𝑞𝑞) matrix can be found as 

66

http://www.ijcsma.com/


 Jalalnezhad M., Rezvani N., International Journal of Computer Science and Mobile Applications, Vol.11 
Issue.2, February- 2023, pg.61-81

ISSN: 2321-8363 
Impact Factor: 6.308 

(An Open Accessible, Fully Refereed and Peer Reviewed Journal) 

©2023, IJCSMA All Rights Reserved, www.ijcsma.com 

This work is licensed under a Creative Commons Attribution 4.0 International License. 

( )

( )

( )

1

1

0 1

cos 0
sin 0

30 1
1 0tan

S q

d

θ
θ

θ θ

 
 
 

=  
 
 − 
 

Moreover we can write the following condition 
( ) ( )( ) A 0 4T TS q q =

2.2 Generation of Reference Trajectories 
From equations (2) to (4) reference variables can be calculated as 
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where 𝐴𝐴𝑇𝑇𝐴𝐴𝐴𝐴2 is the four-quadrant inverse tangent function. Reference inputs will be as follow 
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It is assumed that reference trajectories (𝑡𝑡), 𝑦𝑦𝑟𝑟(𝑡𝑡), 𝜃𝜃0𝑟𝑟(𝑡𝑡) and 𝜃𝜃1𝑟𝑟(𝑡𝑡) and reference velocity inputs and their derivatives 
are continuous and uniformly bounded. 
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3. Input-Output Linearization
Assume that in this order of derivation we get the direct relation between y and u on the system as follows: 

( ) ( ) ( )1 7ny f a x u= +

In this case, we act as follows 
( ) ( ) ( ) ( )8n n n

dy y e v a= + =

( ) ( ) ( )1
1 1 ... 8n n

d nv y k e k e k e b
•

−= − − −

( ) ( )1 8f a x u v c+ =

( ) ( ) ( )1
1 8u v f d

a x
= −

( ) ( )( 1)
1 1 ... 0 8nn

nk e k e k e e e
•

−+ + + =

As can be observed according to equation (8b), we first create v and then from (8c), we can obtain u and thus our 
control input is obtained. According to the equation (8e) with the right choice of the coefficients, we can take the 
poles of the error dynamics to any place where we want, and thus we can stabilize the error around the origin. In 
these equations, 𝑓𝑓1 is obtained from system states. 

3.1. Dynamic Feedback Linearization for the Tractor-Trailer with Uncertainty 
In this section a dynamic feedback linearization method is proposed for the tractor-trailer system in order to steer the 
WMR asymptotically follow reference trajectories. In another words control law u should be designed so that the 
tractor-trailer system from any arbitrary initial condition for the system from the acceptable Cartesian space (Ω), 
asymptotically follow reference trajectories. In this method, we must first obtain a direct relationship between the 
input and output of the system. This can be performed differentiating from y as the output array of the system. 
Therefore, by differentiating from y a direct relation between u and y is obtained. Subsequently control law u is 
designed in order to eliminate the effect of the nonlinear parts and also to obtain v in order to stabilize the error 
dynamics. 
For the given system, the kinematic equations are defined according (2) and (3) as follows 
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Now differentiating from 𝑥𝑥 ̇ and �̇�𝑦 yields 
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Continuing this process, we will have 
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As can be seen, direct relation between the outputs and the inputs of the system has been established and equations 
(11) and (12) can be expressed in the matrix form as follows

( )13X JU A
••

= +
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2

uU
u

•• 
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and 
x

X
y

•••
•••

•••

 
 =
 
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are given as follows 
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Since the relative degree is equal to the order of the derivatives after the direct relation between inputs and outputs, 
therefore the relative degree is equal to 3. In the dynamic feedback linearization method, the syetem input array 
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should be obtained in such a way that the state equations of the system are converted into linear form, and then u is 
determined in order to stabilize the system.  

Now consider the system error as 

( )18rE X X= −

Assuming u as follows to stabilize the system. 

( )11
1 2 3 4

2 2

19r
u J A X k E k E k E k Edt

u δ

••
••• • • •

−
     = − + − − − − 

  + 
∫

The inverse of the matrix J is also as follows 
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( ) ( )( ) ( ) ( )( ) ( )

2 2
1 1 1 11 2 2
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21 1

0 1

1 cos 1 tan sin 1 tan 20
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u u
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δ δ
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δ
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−
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= × + − + − 
+   + −

After substituting the equation of (20) in (19), the system error dynamics is calculated as follows 

( )1 2 3 4 0 21E k E k E k E k Edt
••• •• •

+ + + − =∫
In the above relation 𝑘𝑘1, 𝑘𝑘2,3 and 𝑘𝑘4 are control gains. These control gains should be positive for the stability of the 
system. Also according to the Roth stability method, condition 𝑘𝑘2>𝑘𝑘3/𝑘𝑘1 must be satisfied for the complete stability 
of the system and the convergence of the system errors to the point of equilibrium at the origin. Therefore, it can be 
concluded that 

( )0 22r

r

x x
E

y y
→ 

→ →  → 

Therefore, the stability of the system around reference trajectories is guaranteed. 
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4. Obtained Results
In this section, the obtained results from applying the dynamic feedback linearization control law proposed in the 
previous section to track the reference trajectories to evaluate its performance. In Table 1, the values of the control 
parameters used in control algorithm have been presented. Circular and linear reference trajectories have been 
selected as follows: 

Table 1. Controller parameters. 

Parameters Description Nominal Values 
𝐤𝐤𝐤𝐤 Kinematic controller gain 142 
𝐤𝐤𝐤𝐤 Kinematic controller gain 178 
𝐤𝐤𝐤𝐤 Kinematic controller gain 93 
𝐤𝐤𝐤𝐤 Kinematic controller gain 24 
𝐝𝐝 Parameter geometric 0.3 

5. Uncertainty Estimation
To estimate the uncertainties as a source of uncertainties exist for TTWMR, we can assume that the generalized 
coordinates of the system (𝓆𝓆) can be measured with a specific time interval using measuring systems (for example, a 
vision system). With this assumption, one of the simplest methods for estimating the uncertainty values is using a 
priori knowledge of the system which contains the data from previous time steps. In this regard, taking into account 
the kinematic equation of the system from Error! Reference source not found., we can estimate the uncertainty 

vector 
1 1

T

δ δ δ
∧ ∧ ∧ =    in general for the n-th time step as: 

( ) ( ) ( ) ( )# , 1 1 23s q k s q k u kδ
∧ • = − − − 

 
 

Where ( ) ( )( ) ( )1Ts s q s q sT q= − is the pseudo inverse of matrix (𝓆𝓆) and 𝑘𝑘 has been used in order to specify the

time step, also ( ) ( ), 1 1s q k kµ− −  denote the kinematic of the system from previous time step (𝑘𝑘−1). Uncertainty

Estimation vector [ ]1 2 T
δ δ δ= now can be used in designed control inputs which are unknown in practice but using

this identification method their estimated values can be used in order to compensate their effects in closed-loop 
control. 

The kinematic equation of the TTWR is as 
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θ

•

•

•
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•

          +   =     +            

The designed uncertainty estimation algorithm is as 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )

( )
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1

1 1

1 1

1 1
# #

1
1 1
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1

1
, 1 1 25

1

1
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k
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x k u k C

y k u k S
s q k s q k u k s

u k
k T

d

k u k

θ

θ

θ θ

δ
θ

θ

•

−

•

∧ • −

•

− − −

•

 − − 
 
 − −

   = − − − =  −   − 
 
 − − 

Reference paths are considered in different ways and with the following equations: 

( ) ( )

( ) ( )
( )

1 cos cos
26

1 cos sin

r

r

at btx t R C
T T

at bty t R C
T T

      = + +            
 

      = + +            

Table 2. Path parameters. 

path R a T b C 
Path #1 25 8 18 2 𝜋𝜋3 
Path #2 4 36 50 4 0 
Path #3 3 12 50 6 0 
Path #4 2 18 50 6 0 

Table 2 shows the values of the parameters required to plot the reference paths. Also, the initial conditions different 
can be considered as, the uncertainty applied to the kinematics of the system is also considered as: 
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( ) ( )1

1

0.5
20 30 27

1.1

T T

t
δ
δ
   

= < <   
  

In order to evaluate the efficiency of the proposed controller the results are presented and compared in the presence 
of uncertainty estimator  in control of the system (Figures 3-6). 

Figure 3. Tracking of a Path #1 Trajectory in Presence of Wheels’ Slip with and Without Using Slip 
Estimator. 
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Figure 5. Tracking of a Path #2 Trajectory in Presence of Wheels’ Slip with and Without Using Slip Estimator. 

Figure 4. Tracking of a Path #3 Trajectory in Presence of Wheels’ Slip with and Without Using Slip Estimator. 
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Figure 6. Tracking of a Path #4 Trajectory in Presence of Wheels’ Slip with and Without Using Slip 
Estimator. 

Figure 7. Time-History of System Position Errors. 
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Figure 8. Time-History Of System Orientation Errors. 

Figure 9. System Kinematic Control Inputs. 
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Figure 10. Slip Estimator. 

In 0-6 tracking of a three corner trajectory in presence of wheels’ uncertainty without using uncertainty estimator for 
an initial condition is depicted.
As shown in 0, as long as it is in the kinematic design for a situation where adaptive rules prevent the robot 
from deviating from the reference path if this sensor is deactivated and the uncertainty is applied to the 
system. The system is capable of to compensate for these disturbances, it is not included in the distance, but in 
cases where the slip is still not logged in, the robot will continue to follow its path easily and without any 
problems. Here, the concept and function of the design of an adaptive controller are needed, and to the intensity of 
the system, especially in large disturbances depends on this function for the correct behavior and stability of  path.

Time-history of system position and orientation errors are shown in 0 and 0 respectively. In Figure 7, the robot 
position signal errors in pursuit of the path in the state of disturbance as a slip and without the estimator and the 
presence of the uncertainty estimator. And in Figure 8, the robot angle error signals are tracked in a 
disturbance mode as an uncertainty and without an estimator, as well as the presence of an uncertainty estimator.  

The control inputs are also designed in Figure 9 by uncertainty in two states with the slip estimator activated and the 
other without the estimator. This in both cases shows the convergence of the system even by uncertainty. As can be 
seen, the error signals starting from initial nonzero values converge to the zero after about 20 seconds. Also the 
control signals have appropriate values and have smooth profiles. The stability and convergence of the signals are 
also evident from the obtained results. Figure 10 also shows the slip estimator to eliminate the slip of the wheels 
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applied to the system kinematics. 

6. Discussion & Conclusion
In this paper, first, the kinematic model of a wheeled mobile robot with differential thrust is described. Then a 
dynamic feedback linearization controller is provided that universally ensures the stability of all mode variables. The 
purpose of this study was to investigate the tracking control of a tractor-trailer wheeled mobile robot using the 
linearization method of dynamic feedback in the presence of uncertainties in linear input speed and rotational speed. 
The tractor trailer system is a two-wheeled differential robot with a trailer. This is a highly pragmatic system that is 
highly nonlinear and subject to no holonomic constraints. The first system modeling was performed. Then, a 
dynamic feedback linearization algorithm was introduced to control the tractor-trailer robot tracking. Then, to 
estimate the uncertainties, a kinematic estimation method was performed to compensate for these effects used to 
analyze the stability of the closed-loop system. Finally, show results were presented and discussed. The results 
shown well show the efficiency of the proposed control algorithm and adaptive controller for uncertainty estimation.  
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